Pontrjagin has shown [7] that the only locally compact connected fields are the field of real numbers and the field of complex numbers. A theorem of A. Ostrowski [6] implies that if the topology of a connected field is given by an absolute value then the field is (isomorphic to) a subfield of the field of complex numbers. Both results are contributions toward the solution of the problem of determining what connected fields exist.
In this note the more restricted question of studying connected normed fields is considered. (It is recalled that a normed ring has its topology induced by a norm function N; that is, N is a real-valued function defined on the ring such that: (i) JV(O) = 0 and N(x) > 0 for x φ 0, (ii) N(-x) = N(x) for all x, (iii) N(x + y) ^ N(x) + N(y) for all x and y, (iv) N(xy) < N(x)N(y) for all x and y.) Ostrowski's results may be regarded as the treatment of the special case of this problem in which the norm N satisfies the additional condition
for all x and y. This extra requirement is replaced here by the weaker condition that N be multiplication monotone in the sense that whenever N(x) < N(x') and N(y) < N(y f ) then N(xy) ^ N(x'y'). Specifically, it is shown in the corollary of Theorem 3 that if a commutative connected normed ring with unity has a multiplication monotone norm then that ring is (algebraically and topologically isomorphic to) a subring of the field of complex numbers. (The version of this statement which appears below actually includes the noncommutative case as well.) The basic device employed in obtaining this result is Theorem 2, which asserts that if a normed division ring has a multiplication monotone norm N such that --yx---) for all x and y then there is an absolute value which induces the topology of the ring. By a normed ring is meant a ring A, together with a norm JV for A. The norm for a normed ring induces a metric, and therefore a topology, in A.
A topological ring is called a Q-ring of its set of quasiinvertible elements is open; for a topological ring A with unity to be a Q-ring it is necessary and sufficient that the set of invertible elements be open. In particular, it can be shown that every complete normed ring with unity is a Q-ring.
Further details on these concepts can be found in [1] and [4] , where the term metric ring is employed for a normed ring.
If a norm N for a ring A has the property that JV( -xy-•) = JV( 2Λ& ) for all x, y in A then JV will be called a commutative norm. For instance, absolute values are always commutative, and every norm for a commutative ring is also commutative.
In addition to the above notions, we shall also refer to the concepts which figure in [5] , and we shall make use of the criteria given by Kaplansky in that paper for a topological division ring to admit an equivalent absolute value.
Two elementary lemmas will help to translate Kaplansky's criteria to the special case of normed division rings. The proofs are routine. LEMMA Proof. The necessity of the conditions is obvious. For the sufficiency of the conditions, we first note that the commutativity of the norm implies that N(x) -N(l) whenever x is an element of the commutator subgroup of the multiplicative group of nonzero elements of K; this commutator subgroup is therefore metrically bounded and is consequently right bounded. Lemma 2 and [5; Th. 2] imply that there is an equivalent absolute value for K. 3* Rings with multiplication monotone norm* We shall subject the norm for a normed ring to a monotonicity condition which is of interest because it implies the existence of an absolute value equivalent to the given norm. Clearly every absolute value is multiplication monotone, while the following theorem indicates that under suitable conditions a multiplication monotone norm for a division ring must have an equivalent absolute value. THEOREM 2. Let K be a normed division ring whose norm is commutative and multiplication monotone. Then there is an equivalent absolute value for K.
An element x of a normed ring is topologically nilpotent if and only if there exists a natural number n such that
Proof. The theorem obviously holds for discrete division rings, so we may confine our attention to nondiscrete division rings.
Let x be a fixed element of K such that 0 < N(x) < Nil)" 1 . Then if N(y) > N(x~2) it follows that N{y~ι) ^ N(x) < 1, and y is therefore inversely nilpotent. Thus whenever y is topologically nilpotent or neutral we have N(y) ^ N(x~2), so that the set of elements of K which are topologically nilpotent or neutral is metrically bounded and therefore right bounded. Theorem 1 yields the desired result.
It is possible to relax the requirement that the ring in question be a division ring, provided that the ring is connected. In order to achieve this we introduce the notion of generalized zero-divisors. These are essentially the definitions which were employed in [1] , but we may also note that b is a generalized left zero-divisor (generalized right zero-divisor) if and only if there exists a sequence {x n } of nonzero elements of A such that
Although normed rings usually have many generalized zero-divisors it can be shown that a connected normed ring whose norm is multiplication monotone has no generalized zero-divisors other than zero. 
) for all n, so that c is an element of I. Thus, if b were not zero then an entire neighborhood of zero would be contained in the left ideal J, and / would therefore be open and closed in the connected ring A; consequently I would coincide with A, in contradiction to the fact that I can not contain the unity of A. We conclude that b is zero. Similarly, every generalized right zero-divisor is zero.
In order to obtain the desired results concerning connected normed rings we first dispose of a special case in the following lemma. LEMMA 
Let A be a connected ring with unity such that the set A* of nonzero elements of A is disconnected. Then A is a division ring.
Proof. If c is a nonzero element of A then the mapping x -• ex is clearly a continuous endomorphism of the additive group of A, so that its image H is a connected nonzero subgroup of the additive group of A. But it can be shown that the additive group of A is continuously isomorphic to the additive group of real numbers (for instance, a proof is outlined in [3; Chap. 5, p. 28, Exercise 4]), and H must therefore coincide with the additive group of A. Thus, 1 is in Hj so that 1 -cd for some d in A, and c has a right inverse in A.
Since every nonzero element of A has a right inverse in A we conclude that A is a division ring.
It is now possible to pass to the general case. Proof. If the set A* of nonzero elements of A is not connected then Lemma 4 implies that A is a division ring. On the other hand, if A* is connected then A is a division ring according to [1; Th. 1] since Lemma 3 implies that A has no generalized zero-divisors other than zero. In either case A is a division ring.
There is an equivalent absolute value for the normed division ring A by Theorem 2. Ostrowski's characterization of connected division rings with absolute value (see for instance [2; Th. 2, p. 131] ) may then be applied to obtain the desired result.
COROLLARY.
Let A be a connected normed ring tυith unity such that the norm for A is commutative and multiplication monotone. Then A is algebraically and topologically isomorphic to 9ΐ, to a dense connected subring of (£, or to a dense connected subring of £}.
The corollary is obtained by applying the theorem to the completion of A.
REMARK. Another kind of monotonicity condition could be introduced in normed division rings. The norm of a normed division ring can be described as inversion monotone provided that whenever N(x) < N(y) for nonzero elements x, y then Nix^) ^ N(y~~ι). Theorembe modified. Similarly, the corollary of Theorem 3 continues to hold if "multiplication monotone" is replaced by "inversion monotone" in the statement of the corollary, provided that it is assumed that the ring is a division ring.
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